We present a concept of a mirror for the application in high-reflectivity low-noise instruments such as interferometers. The concept is based on an etalon with a metasurface (meta-etalon) on the front and a conventional multilayer stack on the rear surface. The etalon in combination with the metasurface enables a dedicated spatial weighing of the relevant thermal noise processes and by this a substantial reduction of the overall read out thermal noise. We exemplary illustrate the benefit of the proposed etalon for thermal noise in two applications: The test masses of the Einstein Telescope gravitational wave detector and a single-crystalline cavity for laser frequency stabilization. In the Einstein Telescope the thermal noise of the etalon even at room temperature outperforms existing concepts for operation temperatures at 10 K. For the laser stabilization cavity, a reduction of the modified Allan deviation of an order of magnitude is predicted.
I. INTRODUCTION
Thermal noise limits the sensitivity of high-precision measurement devices like interferometric gravitational wave detectors and Fabry-Pérot cavities for the frequency stabilization of lasers [1] [2] [3] [4] [5] . Among the noise sources, Brownian thermal displacement noise of the optical mirror coatings sets the most severe limitation. There are two approaches to reduce thermal noise: The first one addresses the material properties of the optical coatings in stacks of alternating dielectric layer pairs. In this case, the coating thermal noise is mainly determined by the mechanical loss of the coating layers [6] [7] [8] [9] . The mechanical loss can substantially be reduced by the use of crystalline coating layers instead of amorphous materials [10] [11] [12] [13] . However, thermal noise scales with the coating thickness. Equally, the reflectivity of multilayer stacks increases with the number of layer pairs. For example, coating stacks with a reflectivity of > 99.9994% typically require 30 to 40 quarter-wavelength layers [1, 14, 15] . This inherent relationship between reflectivity and thermal noise sets a limit to the ultimate noise performance that can be achieved.
The second approach waives the use of alternating layer-pairs and therewith the increase of thermal noise with reflectivity. The approach is based on periodic subwavelength structures (hereinafter: metasurface) manufactured from a dielectric material with high refractive index. These structures are designed to provide an optical resonance based on two coupled Bloch-modes [16, 17] . The modes interfere constructively in the backward direction of the incoming light enabling a high reflectivity with high spectral and angular tolerance [18, 19] . The Bloch-modes are localized in a surface layer with a thick- * Electronic address: johannes.dickmann@ptb.de ness of less the wavelength of light [17] . With respect to thermal noise the main advantage of the metasurfaces is, that their reflectivity does not scale with their thickness. The minimum thickness is about λ/4n, where λ is the wavelength of light and n the refractive index of the metasurface. Basic proof-of-principle experiments in interferometry have been performed [20] . However, the maximum reflectivity of 99.8% that was experimentally achieved so far is not sufficient [18] for application in interferometric gravitational wave detectors or laser cavities for frequency stabilization [4, 14] .
In the past years, advances for the rigorous computation of thermal noise of arbitrarily shaped reflective surfaces were reached [21] [22] [23] . This lays the foundation for a deeper understanding of the complex interplay of dissipative processes and thermal noise in these systems and prepares the ground for new possibilities in the design of low-noise optical elements.
In this contribution we present a concept which overcomes limitations in the reflectivity of metasurfaces and simultaneously provides an excellent thermal noise performance. This is realized by combining the optical functions of a conventional multilayer mirror and a metasurface while suppressing the coupling of mechanical fluctuations between each other by the use of an anti-resonant etalon (hereinafter: meta-etalon). To illustrate the potential of the proposed concept, we perform a holistic analysis of thermal noise for the low-frequency detector of the Einstein Telescope gravitational wave detector (ET-LF) [14] and for crystalline silicon cavities for the frequency stabilization of laser light [4] .
The article is organized as follows: In Sec. II we describe the basic layout of the meta-etalon. In Sec. III, we give a brief introduction into the computation of the relevant thermal noise contributions. In Sec. IV, the results of the optical optimization and the noise evaluation are presented and discussed. Computational details and material parameters can be found in the appendix. Fig. 1 shows a schematic of the etalon-based metamirror (meta-etalon). The major fraction of the incident light is reflected by the metasurface at the front. Its intensity reflectivity R 1 is determined by the refractive indices n g and n s of the involved materials as well as by the structural parameters W , H and Λ. Details on the metasurface design will be discussed in detail in Sec. IV A. The residual light being transmitted by the metasurface propagates through the etalon and is reflected by a conventional multilayer stack (refractive indices n 1 and n 2 ) on the rear surface of the etalon (intensity reflectivity R 2 ). To achieve a high reflectivity with the whole system, the etalon, forming a two-mirror system, is thermally tuned to anti-resonance [24] . For both investigated applications, i.e. the Einstein Telescope gravitational wave detector (ET) and the crystalline silicon cavity for laser frequency stabilization [4, 25] we choose the etalon spacer material to be fused silica. The metasurface shall be made of single-crystalline silicon and the coating stack on the backside of the etalon shall consist of altering amorphous silica (SiO 2 ) and tantala (Ta 2 O 5 ) layers. Details on the design can be found in Appendix B. The influence of alternative spacer materials is discussed in Sec. IV. The Einstein Telescope is examined at room
II. ETALON-BASED META-MIRROR
Schematic of the etalon-based meta-mirror for low thermal noise and high reflectivity. The gray area indicates the etalon spacer, the blue one the nano-structured front surface (metasurface) and the green one the rear surface consisting of a conventional multilayer stack. The intensity reflectivities are R1 for the metasurface and R2 for the coating stack. W represents the ridge width, H the ridge height and Λ the period of the metasurface. The metasurface materials index of refraction is denoted ng, the substrates ns and the altering coatings n1 and n2, respectively. The electric field vector of the incident light is illustrated for transverse electric (TE) and transverse magnetic (TM) polarized light.
temperature, whereas the crystalline silicon cavity with etalon based meta-mirrors is investigated at 124 K because the linear thermal expansion coefficient vanishes at this temperature being beneficial for the frequency stability.
III. THERMAL NOISE ANALYSIS
In this section, we present basics and assumptions on the thermal noise analysis for the etalon system. First, the Brownian noise resulting from thermally activated local transitions between the minima of asymmetric bistable potentials, associated to quasi-degenerate bond states is studied. It leads to a spatially fluctuating surface. The second source of noise are volume fluctuation of the solid, which lead to spatially fluctuating light paths and thus to a fluctuating phase. This noise type is called thermo-elastic (TE) noise. The third noise type -the thermo-refractive (TR) noise -results from fluctuations of the refractive index. For each component of the etalon system, i.e. the metasurface at the front, the etalon substrate and the multilayer stack on the rear surface Brownian, TE and TR noise are investigated. As shown by Evans et al., correlations between TE and TR noise enable a partial compensation of both noise sources summed up to thermo-optic noise [26] . Here, we consider a worst-case scenario without any correlation between the individual noise contributions. This uncorrelated sum of all noise sources provides an upper limit of the overall noise that has to be expected.
We now briefly introduce the physical quantities we use for the discussion of thermal noise. Starting point for both systems, ET and the crystalline silicon cavity, is the determination of the thermal noise displacement power spectral density S in m 2 Hz −1 . From that, the mirror thermal noise of the test masses in ET is calculated as thermal noise displacement spectral density √ S. As uncorrelated sum this quantity reads:
The summation includes all noise contributions S i . To describe the frequency stability of the silicon cavity in dependence of the integration time τ [4] instead of thermal displacement noise, the modified Allan deviation σ y is determined. To this end, first the thermal noise power spectral density S is converted into a frequency noise spectral densityS in Hz 2 Hz −1 :
Here c is the speed of light in vacuum, λ the wavelength of light and L the length of the cavity, respectively. Again, S contains the uncorrelated sum of all noise contributions of the system. FromS the modified Allan deviation at the readout frequency f is computed [27] :
A. Brownian thermal noise
In this section we outline the computation scheme of Brownian thermal noise for the etalon from first principles [22, 28] . The scheme employs Levin's approach of virtual pressures [29] and the ponderomotive pressures of the light field resulting from Maxwell stress tensor. Starting point is the fluctuation-dissipation theorem (FDT). It relates the dissipated power under the effect of a virtual pressure to the thermal noise of an optical element [29] :
where k B is the Boltzmann constant, T the temperature of the optical element, f the mechanical readout frequency, W diss the dissipated power under the virtual pressure and F 0 the surface integral of the virtual pressure. The spatial weighing of the virtual pressure is given by the Maxwell stress tensor (in SI units):
The indices i and j denote the spatial coordinate basis, E i are the components of the electric field, B i the components of the magnetic field, 0 r is the permittivity, µ 0 µ r is the permeability and δ ij is the Kronecker symbol, respectively. The difference of the stress tensor inand outside the investigated optical surface leads to the ponderomotive light pressure:
The quantity ∆σ must be evaluated directly at the surface as difference between the stress tensor components in vacuum and material, respectively. A/A represents the normalized normal vector on the surface. Generally, this expression is evaluated using the transition conditions for electric and magnetic fields at the surface. For example, if the normal vector of the surface is parallel to the direction i, and the material is not magnetically active, i.e. µ r = 1, the pressure can be expressed by the continuous field components either inside or outside the material:
with the electric displacement field D i = 0 E and the permittivity 0 1 outside and 0 2 inside the material, respectively. Applying the ponderomotive pressure, modulated by the readout frequency f , on the optical component introduces an elastic deformation energy density E el into the component. This leads to a dissipation of energy, proportional to the mechanical loss angle Φ of the material:
With the dissipated energy W diss and Eq. (3.4) Brownian thermal noise can be computed. Eq. (3.8) illustrates that thermal noise is affected by the spatial distribution of the mechanical loss in combination with the spatial distribution of the electromagnetic fields determining the fluctuation readout. As a rule of thumb, the detrimental effect of mechanical losses on Brownian noise is the smaller, the lower the amplitudes of the relevant electromagnetic field components are at the surface of the lossy material. That means, to mitigate Brownian thermal noise it is essential to deliberately shape the spatial distribution of the mechanical losses and, if possible, the distribution of the electromagnetic field. This is the reason why highly reflective metasurfaces made of high refractive index materials can exhibit an extraordinary low thermal noise [22, 23] . In these structures the electromagnetic field is localized within the volume and the field at the surface is reduced (see Sec. IV A). This leads to a drastically reduced, i.e. optimized, readout of thermal noise. The computation of thermal noise in binary high-reflectivity metasurfaces is discussed in detail in [23] . Brownian thermal noise of plane etalons coated with multilayer mirrors on front and back surface can be described by the approach investigated in [30, 31] . However, in the present case the periodic metasurface requires to additionally apply a spatially oscillating pressure to the etalon substrate. The spatial oscillation period is the period of the metasurface. Thus, additionally the elastic energy due to this oscillation E osc must be considered. For this problem an analytical solution does not exist yet. A comprehensive numerical computation with finite element analysis is challenging, because the spatial oscillating period is much smaller than the whole etalon system (e.g. in the case of ET by a factor of 500 000 smaller), which would inevitably lead to an immense number of vertexes in the finite element simulation. To circumvent this problem, we develop a semi-analytical approach. We analytically calculate the deformation energy density induced by the smooth part of the pressure, which is determined by the shape of the incident light beam. The spatial intensity profile of a Gaussian distributed light beam reads:
where r is the distance from the center of the beam, measured on the reflective surface. I 0 represents the intensity at the center r = 0 and r 0 is the Gaussian beam radius, where the intensity has dropped to 1/e I 0 . Not the total ponderomotive pressure acts on the front surface of the etalon, because a small fraction 1 − R 1 of the light is transmitted. Therefore, the pressures are scaled with the coefficients e 1 for the front surface and e 2 for the rear surface, respectively. For an etalon tuned to anti-resonance, the coefficients can be expressed by [31] :
10)
Thus, by adjusting the reflectivities of the etalon's front and back side it is again possible to minimize the thermal noise readout. The spatially oscillating part of the elastic deformation energy is determined for one single period of the metasurface using COMSOL [32] . The intensity of the incident light is assumed to be constant over the structural period. This is valid if the Gaussian beam diameter is much larger than the period. For ET the period is about 6 700 times smaller than the beam radius and for the silicon cavity it is about 500 times smaller. The numerical result for a single period is then scaled to the whole Gaussian readout following the scheme in [23] . Both contributions to the elastic energy, the smooth and the oscillating, are then summed to provide an upper limit of the overall noise. In the limit of a large substrate size with thickness h r 0 and diameter d r 0 the etalon thermal noise can be computed by (using [33] ): 12) with the Poisson's ratio of the substrate ν and the Young's modulus Y . Φ is the loss angle of the substrate material.
The third contribution to Brownian noise results from the coating stack at the backside of the etalon. In the far field, at the backside of substrates with thicknesses much larger than the wavelength, any spatial modulation of the light field caused by the metasurface can be neglected. The etalon we consider here, has a thickness which is by a factor of 4000 larger than the wavelength of light. Thus, the field distribution has in good approximation a Gaussian profile -both in reflection and in transmission. With this approximation coating thermal noise can be calculated with the model by Nakagawa et al. [34] . The respective power spectral density now has to be scaled with the factor e 2 2 . It reads:
where ν is the mean Poisson's ratio and Y the averaged elastic modulus of the layer stack, respectively. Φ is the averaged mechanical loss angle of the two coating materials and d represents the total thickness of the layer stack.
B. Thermo-elastic noise
A non-linear component of the thermo-optic noise is the thermo-elastic (TE) noise. In contrast to conventional mirrors, it turned out not to be negligible in the composition of thermal noise of etalon based reflectors. However, the TE noise is studied very well for conventional mirrors and etalons [26, 31] . The fluctuationdissipation theorem is applicable to this noise type, as well. The main difference to the computation of Brownian noise is that here the dissipation mechanisms is the heat flow caused by local volume fluctuations. In its general form, this dissipated power is [35] :
2 rdr, (3.14)
where κ is the thermal conductivity, C is the thermal capacity per unit volume, Y is the Young's modulus, ν is the Poisson's ratio, α is the thermal expansion coefficient and ρ is the density, respectively. The quantity θ is defined as the trace of the strain tensor, which reads in cylindrical coordinates:
The thermo-elastic noise of the substrate and the multilayer on the rear surface can be computed with the dissipated energy given by Eq. (3.14). In accordance to the work by Heinert et al. [21] the metasurface contribution to thermo-elastic noise is evaluated numerically by means of rigorous coupled wave analysis (RCWA) [36] . The computation is performed as follows: Generally, a temperature change ∆T leads to a relative relative length change δ = α∆T . In the case of small temperature changes ∆T T , this results in a linear change of the reflected lights phase:
where K TE is a numerically determined proportional factor. For this computation, the following three contributions must be considered: 1. The geometrical change of the metasurface ridge's height and width, 2. The effective movement of the ridges towards the incident light and 3. The change of the metasurface period. For more details on the implementation of the numerical analysis, see Appendix A. Thus, the metasurface's contribution to TE noise reads [21] : 17) where S T represents the noise power of temperature fluctuations introduced in [37] :
C. Thermo-refractive noise
The second component of the thermo-optic noise results from the spatially fluctuating index of refraction in the material crossed by the light field [31] . For the substrate TR noise, the power spectral density reads [31] : 19) where β = dn/dT is the thermo-optic coefficient. Similarly to Brownian noise, also the thermorefractive noise scales with the weighing coefficients e i . The second term of (3.19) results from the standing wave inside the etalon tuned to anti-resonance. For the coating TR noise follows [31] : 20) with the effective thermo-optic coefficient of [31] β eff = 1 4 21) where the index 1 indicates the quantity of material 1, i.e. fused silica and the index 2 indicates the material 2 of the multilayer, i.e. tantala. The metasurface contribution to TR noise is again computed using the RCWA code. The computation is performed as follows: A change in the refractive index of the metasurface material ∆n changes the phase of the reflected light. For small values ∆n n, the phase change of the reflected light is proportional to this change: ∆ϕ = K TR ∆n, (3.22) with the proportional constant K TR . This constant is evaluated numerically (see Appendix A). Thus, the noise power can be expressed as [21] 
IV. RESULTS AND DISCUSSION

A. Optical optimization
The optical design of the etalon configuration aims at a maximum reflectivity in combination with low thermal noise. As demonstrated in the previous section, the noise contributions of front-and backside have to be weighed by the coefficients e 1 and e 2 which, in turn, depend on the front-and backside reflectivities R 1 and R 2 . Thus, in the etalon configuration Brownian and thermo-optic noise are actually coupled whereby the coupling is dictated by R 1 and R 2 . In this section we illustrate the influence of metasurface reflectivity R 1 and the resulting fabrication tolerances on the weighing factors e 1 and e 2 . To this end, the overall transmission of the combined etalon system shall be <6 ppm and we assume a coating stack reflectivity R 2 of 99.9994% as a typical value for reflectivities of high-performance multilayer mirrors [1] (see Tab. IV).
The structure parameters of the metasurface, a subwavelength binary grating structure with onedimensional periodicity, are determined by means of RCWA [36] (wavelength 1.55 µm). As discussed in Sec. III A, the use of structures made of a material with The energy density is normalized to the incident energy density. The plot shows the spatial distribution in the x − z plane of two unit cells of the structure. The energy density is concentrated in the silicon, but it is only slightly enhanced at the surface of the silicon. In addition, the energy density in the area between the ridges is reduced and inside the etalon substrate the energy density decreases rapidly. This spatially modulated light energy density distribution leads to the minimized readout of thermal noise.
high refractive index, e.g. silicon, are promising for low thermal noise. Here, we consider the metasurface to be made of crystalline silicon on a fused silica substrate (silicon on insulator, SOI). We investigate transverse-electric polarized (TE) light because it is beneficial for the noise performance of metasurfaces with one-dimensional periodicity [23] . Structure period, ridge height and ridge width are optimized to achieve high reflectivities in combination with large tolerances for the ridge height and ridge width being the critical parameters in the fabrication process. This parameter range is maximized for a period of Λ = 950 nm. Fig. 2 shows the reflectivity R 1 in dependence of the metasurfaces' ridge height and width. The permitted fabrication tolerances for three exemplary reflectivities are in the range of a few tens of nanometers. For binary structures these tolerances are realistic in terms of technological feasibility [38] . Besides the residual transmission of the metasurface, material absorption in silicon may limit the feasible reflectivity. We evaluated the influence of the silicon material absorption on the intensity absorption of the metasurface by means of RCWA. The measured absorption coefficient of silicon is as low as 5 × 10 −6 /cm [39] . To account for a potentially enhanced absorption due to the large surface-to-volume ratio of the metasurface, as a worst-case scenario, we assume the absorption coefficient to be enhanced by a factor of 100 [40] . In this case the intensity absorption of the metasurface is still smaller than 10 −10 and thus can be neglected. A typical spatial distribution of the electromagnetic energy density in such a high-reflectivity structure is illustrated in Fig. 3 . The energy density is concentrated within the volume of the silicon ridges and only slightly enhanced at the surface of the ridges which leads to the aforementioned minimized readout of thermal noise. .20)) change by a factor of more than 5000. Hence, the etalon allows the tuning of the different noise contributions and provides an additional degree of freedom for low-noise high-reflectivity mirrors.
B. Einstein Telescope
The design parameters for the end mirrors, i.e. the end test masses, of the Einstein Telescope (ET) are summarized in Table II at the end of this document. ET is a future interferometric gravitational wave detector and its low frequency part (ET-LF) shall be optimized for gravitational wave signals with frequencies of about 1 to 250 Hz [14] . To mitigate thermal noise, the mirrors of ET-LF are planned to operate at cryogenic temperatures of about 10 K. The cryogenic operation of ET will entail immense technical effort. The proposed meta-etalon can achieve the cryogenic thermal noise performance of amorphous multilayer mirrors even at room temperature. To illustrate that, we compare thermal noise of multilayer mirrors at a temperature of 10 K to the meta-etalon at room temperature. All other parameters, such as laser wavelength, arm length and laser power are the same as in the cryogenic design [14] . Fig. 4 shows the results of the analysis for all thermal noise contributions using a metasurface reflectivity of R 1 = 99.3%.
In the entire detection bandwidth from 1 Hz to 250 Hz, thermal noise of the etalon is about 10% smaller than the beam lithography and subsequent reactive ion etching. sensitivity of ET-LF at 10 K. Brownian thermal noise of the etalon substrate dominates all other contributions. This means, a further improvement of the metasurface reflectivity R 1 is not beneficial, as it only affects thermooptic (i.e. TE and TR) noise. Compared to mirrors based on standalone high-reflectivity silicon metasurfaces as discussed for ET-LF [18, 21, 41] , meta-etalons enable another improvement of the overall thermal noise. This is thanks to the reduction of Brownian thermal noise as dominant noise source at the expense of thermo-optic noise. The dominance of substrate Brownian noise is additionally remarkable because conventional multilayer mirrors are limited by the Brownian noise of the coating stack. And there are still possibilities for further improvement, especially by using crystalline substrate materials like sapphire or silicon.
C. Single-crystalline silicon cavity
The cavities under investigation are made of singlecrystalline silicon with a length of 21 cm. A typical application temperature is the temperature of the zero in the thermal expansion coefficient of silicon at 124 K. Fig. 5 shows the noise contributions for a silicon cavity with two meta-etalon mirrors for mechanical frequencies from 10 −3 to 10 7 Hz. At frequencies > 1 Hz Brownian substrate noise dominates. At low frequencies < 0.1 Hz the thermo-refractive noise of the substrate makes the main contribution. By changing the residual transmission of the metasurface, the TR contribution of the substrate can be tuned in the following way: For smaller residual metasurface transmissions, the readout of the TR substrate noise decreases with the weighing coefficient e 2 2 (compare Sec. IV A), because the intensity circulating in the etalon is reduced. Instead, as already mentioned above, the substrate Brownian noise does not change significantly with higher reflectivity of the metasurface, because the effective ponderomotive pressure on the front surface is almost independent of R 1 . Fig. 6 shows the influence of R 1 on the thermal noise as modified Allan deviation for a silicon cavity with two metaetalons with R 1 = 99.3%, 99.9% and 99.99%. For comparison, the measured stability of the silicon cavities at PTB (Si1-Si3) are illustrated.
In general, the frequency stability of the meta-etalon based cavity is limited by Brownian substrate noise for small integration times and by the substrate TR noise for large integration times. The integration time, at which TR noise becomes dominant, is crucially affected by the reflectivity R 1 of the metasurface. The higher R 1 , the larger the integration time until which the Brownian noise floor defines the stability. For R 1 = 99.99% the stability limitation of the meta-etalon based cavity in terms of thermal noise is about a factor of 10 better than for state-of-the art cavities. The fabrication tolerances of about 15 nm for structure ridge width and height (see Fig. 2 ) are in reach with available technology. A further improvement of the frequency stability by a factor of up to 100 can be obtained with crystalline materials like sapphire or silicon as etalon substrate or lower temperatures (e.g. a few K).
V. CONCLUSION
In this contribution we presented a concept for a lownoise highly reflective mirror based on an anti-resonant meta-etalon with a metasurface at the front surface and a conventional amorphous multilayer mirror at the back surface. To reach a high reflectivity, the meta-etalon must be tuned to optical anti-resonance. This can be done by thermal stabilization. Generally, the tolerances for keeping an optical resonator in anti-resonance are large which is promising for a temperature stabilization. In comparison to low-noise metasurfaces with ultra-high reflectivities as standalone mirrors in high-finesse cavities the two-mirror system of the meta-etalon relaxes fabrication tolerances and thus technological challenges in the realization.
We exemplary demonstrated the benefit of the metaetalon based on a fused silica substrate for two devices: For the Einstein Telescope ET we demonstrated that the etalon achieves the cryogenic noise performance of conventional multilayer mirrors even at room temperature. In crystalline silicon resonators the meta-etalon enables a thermal noise reduction by a factor of 10 with fused silica as substrate material.
The meta-etalon is limited by substrate Brownian noise which can be further reduced by a factor of up to 100 using crystalline substrate materials like sapphire or silicon. In contrast, conventional mirrors are limited by the Brownian thermal noise of the high-reflectivity coating. In the meta-etalon, thermal noise of the meta-surface and coating thermal noise are both by a factor of about 10 4 smaller than substrate Brownian noise and thus negligible. Due to the dedicated spatial weighing of the dissipation processes in the meta-etalon, the use of amorphous coating materials with high mechanical losses of about 10 −4 do not compromise the noise performance of the mirror. This can be considered as a paradigm change for the design and optimization of high precision sensing devices providing new degrees of freedom to optimal optical performance with minimum thermal noise.
Brownian noise a. Brownian noise-Metasurface
The computation of Brownian thermal noise of binary metasurface mirrors is comprehensively discussed in [23] . The computations base on Finite element simulations with COMSOL Multiphysics [32] and they are performed over one period of the metasurface structure using Floquet boundary conditions k = 2π/Λ e x , where e x represents the unit vector in x-direction (compare Fig. 1 in Section I). The simulation in COMSOL is set up as two-dimensional analysis in the x -z plane.
In a first step, the electromagnetic field in the structure is computed with a spatially constant energy density of the illuminating light field. The power of the incident light is set to dP /dy = 1 W/m (in y-direction). Then, the resulting Maxwell stress tensor is applied to the interfaces of the structure. This introduces an elastic deformation energy of density dẼ/dy to the metasurface ridges:
Following the scheme in [23] , we evaluate thermal noise for the illumination by the entire Gaussian beam:
As discussed in Section III, the substrate Brownian noise consists of two contributions: A smooth contribution due to the Gaussian beam and a spatially oscillating contribution originating from the periodic metasurface. The smooth part is evaluated analytically using Eq. (3.12) in Section III. The second part is again calculated using a two-dimensional COMSOL simulation. The resulting linear energy density reads:
which is about 4 orders of magnitude smaller than the smooth Gaussian part.
c. Brownian noise-Coating stack
The Brownian noise of the coating stack is evaluated analytically using Eq. (3.13) for a coating stack of 18 λ/4 doublets of silica/ tantala.
Thermo-elastic noise
Substrate and coating thermo-elastic noise are computed analytically following Section III. The metasurface's TE noise is evaluated numerically using RCWA [36] . Fig. 7 shows the linear relationship between the light phase ∆ϕ reflected by the metasurface and the parameter δ = α∆T . The slope of the line is the coefficient K TE :
3. Thermo-refractive noise
Substrate and coating thermo-refractive (TR) noise are evaluated analytically following Section III. The parameter for the determination of the metasurface's TR noise, K TR , is the slope of the plot in Fig. 8 : 
